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1. INTRODUCTION
Let Vf 5 f(Fq) be the value set of a polynomial f(x) [ Fq[x], where Fq
is a finite field with q elements of characteristic p. A fundamental problem
is to estimate the size of Vf , and a powerful strategy often used to determine
lower bounds for the cardinality uVf u of Vf is to estimate, usually by means
of Weil’s bound, the number of solutions Nf* in Fq 3 Fq of the equation
f*(x, y) :5 f(x) 2 f(y) 5 0,
and use Uchiyama’s inequality (see [2, Lemma 2; 9; or 10, Lemma 1]),
uVf u $
q2
Nf*
.
In this paper we will study the value sets of the special polynomials of
the form
f(x) 5 (xm 1 b)n,
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where b [ F*q and m and n are integers greater or equal than 2 and both
divisors of q 2 1. In [2], Gomez-Calderon has shown, for these polynomials,
that if mn , q1/4, then
uVf u $
2q
2m 1 2n 2 1
. (1)
The method he employed to prove the above bound was threefold: first,
he showed (which is rather simple) that in this case the curve f*(x, y) 5 0
is the union of lines and of Fermat curves, namely,
f*(x, y) 5 p
m21
j50
(x 2 g jm y) p
n21
i51
hi , (2)
where gr represents a primitive rth root of unity, and
hi 5 xm 2 gin ym 1 b 2 ginb. (3)
Second, using Uchiyama’s inequality he obtained
uVf u $
q2
mq 1 on21i51 Nhi
, (4)
where Nhi is the number of solutions in Fq 3 Fq of the equation hi 5 0.
Third, he used Weil’s bound to estimate the numbers Nhi .
Notice that the bound in (1) is symmetric in m and n, but in view of (2)
there is no reason for this, and the cost for forcing the symmetry was that
the range of m and n had to be restricted and the upper bound for Nf* had
to be replaced by a greater one.
Recall now Weil’s bound (see for example [7, V.2.3 and Appendix B])
N(Y, q) # q 1 1 1 2gÏq,
where Y is an absolutely irreducible projective smooth curve of genus g
defined over the field Fq , and N(Y, q) is its number of rational points over
this field.
Since the projective closure of the plane curve hi 5 0, where hi is as in
(3), is smooth over the algebraic closure of Fq , it is well known that this
curve is absolutely irreducible and has genus g 5 (m 2 1)(m 2 2)/2. If di
is its number of rational points at infinity, then Weil’s bound gives
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Nhi # q 1 1 1 (m 2 1)(m 2 2)Ïq 2 di . (5)
From (4) and (5) we get that
uVf u $
q2
mq 1 (n 2 1)(q 1 1) 1 (n 2 1)(m 2 1)(m 2 2)Ïq 2 d
, (6)
where d 5 on21i51 di , which may be replaced in (6), in any case by 0, or by
(n 2 1)m if mn divides q 2 1, because in this case di 5 m for all i.
One of the aims of this paper is to call attention to the geometric methods
developed in [8] and in [4] to improve on Weil’s bound, giving sharper
estimates for uVf u in several cases.
2. BOUNDS FOR PLANE CURVES OVER FINITE FIELDS
In this section we discuss a method for determining new upper bounds
for the number of rational points on a plane projective curve defined
over Fq .
Let K be an algebraic closure of Fq , and let F [ Fq[X0 , X1 , X2] be a
form of degree m, irreducible in K[X0 , X1 , X2]. Consider the curve Y ,
P2K defined by the equation F 5 0. Let
Fq : Y R Y
be the map induced by the Frobenius endomorphism of Fq . So the rational
points of Y over Fq are precisely the fixed points of Fq . We will denote by
Y(Fq) the set of such points.
Given P [ P2K, and an integer l such that 1 # l # m, we define the
polar l-ic curve of Y at P (cf. [5]) as the curve DlPY determined by the
equation
(DlPF)(X0 , X1 , X2) :5 O
i01i11i25l
(Di0 ,i1 ,i2F)(P)X
i0
0 X
i1
1 X
i2
2 5 0,
where Di0 ,i1 ,i2 are the partial differential Hasse–Schmidt operators of order
in with respect to Xn , n 5 0, 1, 2 (cf. [3] for the properties of these operators
needed here). We are assuming that some of the Di0 ,i1 ,i2F, with i0 1 i1 1
i2 5 l, is non-zero.
In particular, if l 5 1 and P is a simple point of Y, the curve DlPY is the
tangent line to Y at P.
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Since for all P [ Y, and for all l, we have P [ DlPY (see [5, Lemma 2.1
(ii)]), it follows that
Y(Fq) 5 hP [ Y u Fq(P) 5 Pj , hP [ Y u Fq(P) [ DlPY j. (7)
Note that the condition
Fq(P) [ DlPY
is equivalent to saying that P belongs to the curve
Zl : Hl 5 0,
where
Hl(X0 , X1 , X2) 5 O
i01i11i25l
[(Di0 ,i1 ,i2F)(X0 , X1 , X2)]X
qi0
0 X
qi1
1 X
qi2
2 5 0.
It then follows from (7) that
Y(Fq) , Y > Zl .
So if Y is not a component of Zl , and for some positive integer e we have
I(P, Y, Zl) $ e, for all rational points P, then from Be´zout’s Theorem it
follows that
N(Y, q) #
deg Y ? deg Zl
e
5
m(m 2 l 1 lq)
e
. (8)
Hence the condition that Y is not a component of Zl is crucial and in such
a case we will say that Y is l-Frobenius non-degenerate; otherwise Y is said
to be l-Frobenius degenerate.
From now on, for i 5 1, . . . , n 2 1, Yi will denote the projective closure
of the affine curve hi 5 0, where hi is as in (3). So
Yi : Hi 5 Ai X m1 1 Bi X m2 2 X m0 5 0,
where Ai 5 (ginb 2 b)21, Bi 5 gin(b 2 ginb)21 and m $ 2 is such that
m ò 0 mod p.
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3. NEW BOUNDS, CASE l 5 1
Based on estimates for Nhi , contained in [1] and [6], which correspond
in the above discussion to the case l 5 1, we will get new lower bounds
for uVf u.
In [1], Garcia and Voloch, using the methods of [8] gave bounds for
N(Yi , q) which take into account the type of the curve Yi when the curve
is 1-Frobenius non-degenerate. The bounds they get are better than Weil’s
essentially when m . q1/2/2 (so outside the range considered in [2]). When
the curve is 1-Frobenius degenerate, the author and Voloch gave in [6] the
precise number of its rational points. All of this is summarized in the
following theorem.
THEOREM 1. Let Y : AX m1 1 BX m2 2 X m0 5 0 with A, B [ F*q , and
m $ 2 such that m ò 0 mod p. Let d9 represent the number of Fq-points on
X0 X1X2 5 0.
(a) [1, Theorem 2]. Suppose p ? 2. Y is 1-Frobenius degenerate if and
only if there exists a power q9 of p such that m 5 (q 2 1)/(q9 2 1) and A,
B [ Fq9 .
(b) [1, Theorem 1, and Eq. (3)]). Suppose m $ 4. If Y is 1-Frobenius
non-degenerate, then
N(Y, q) #
m(m 1 q 2 1) 2 d9(m 2 2)
2
.
(c) [6, Theorem 1]. If Y is 1-Frobenius degenerate, then
N(Y, q) 5 m(q 2 m 1 2).
Remark. The statement of Theorem 1 in [1] involves the morphism
associated to a linear system usDu, which corresponds to the s-uple embed-
ding of Y. So for s 5 1, this is nothing other than the plane embedding of
the curve Y; hence in the terminology of [1], having classical Frobenius
sequence is the same as being, in our terminology, 1-Frobenius non-degen-
erate, which also in the terminology of [6] is the same as being Frobenius
classical (i.e., with n1 5 1).
Suppose that p ? 2, n $ 2, and m $ 4. Consider now the following
conditions on n, m and b:
C: There is no power q9 of p such that m 5 (q 2 1)/(q9 2 1).
C9: There is a power q9 of p such that m 5 (q 2 1)/(q9 2 1), n divides
q9 2 1 and b [ Fq9 .
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According to Theorem 1 (a), condition C implies that all the Yi are 1-
Frobenius non-degenerate, while condition C9 implies that all these curves
are 1-Frobenius degenerate.
THEOREM 2. Let m $ 4 and n $ 2 be integers, both divisors of q 2 1
and b [ F*q . Suppose also that p . 2. If f(x) 5 (xm 1 b)n, then we have:
uVf u $5
2q2
m[2q 1 (n 2 1)(m 1 q 2 1)]
, if C holds
2q2
m[n(q 2 1) 1 q 1 1]
, if C holds and nm u q 2 1.
q2
m[q 1 (n 2 1)(q 1 1 2 m)]
, if C9 holds
Proof. If C holds, then for all i 5 1, . . . , n 2 1, Yi is 1-Frobenius non-
degenerate, so we have (see Theorem 1 (b))
Nhi #
m(m 1 q 2 1) 2 di(m 2 2)
2
2 di 5
m(m 2 di 1 q 2 1)
2
,
where di is the number of rational points of Yi on the line X0 5 0. Observe
also that if mn u q 2 1, then di 5 m, i 5 1, . . . , n 2 1. Hence
Nhi # 5
m(q 2 1)
2
, if nm u q 2 1
m(m 1 q 2 1)
2
, otherwise
.
This together with (4) yields the inequalities for uVf u when C holds.
When C9 holds, then for all i 5 1, . . . , n 2 1, the curve Yi is 1-Frobenius
degenerate, and from Theorem 1 (c), we have that
Nhi 5 m(q 1 2 2 m) 2 di .
Since in this case we have nm u q 2 1, as observed above, di 5 m, and
hence the above equality together with (4) yields the inequality for uVf u
when C9 holds.
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4. NEW BOUNDS, CASE l . 1
We are going to use results from [4] that take into account not only the
type of the curve hi 5 0 but also the p-adic expansion of the integer m.
Let
m 5 m0 1 m1p 1 ? ? ? 1 mt pt,
with mt ? 0, be the p-adic expansion of m. If l is a positive integer, we
say that l ? 0 is a truncation of m if
l 5 m0 1 ? ? ? 1 mr pr,
for some r such that r , t.
Suppose that l ? 0 is a truncation of m, and write m 5 l 1 aq9, with
q9 a power of p and a and p coprime. We have the following result essentially
proved in [4].
THEOREM 3. Let A, B [ F*q , and m $ 2 such that m ò 0 mod p and
m , q. Let
Y : H(X0 , X1 , X2) 5 AX m1 1 BX m2 2 X m0 5 0.
Let d9 be the number of rational points of Y over Fq on the locus X1 X1 X2 5
0, and let l be a truncation of m.
(a) Y is l-Frobenius degenerate if and only if A, B [ Fq9 , and
aq9(q9 2 1) 5 l(q 2 q9)
(b) If Y is l-Frobenius non-degenerate, then
N(Y, q) #
m(m 1 l(q 2 1))
q9
2 d9(b 2 1),
where b 5 minhm, a 1 lq/q9j.
Proof. (a) Let P 5 (P0 , P1 , P2). Since l is a truncation of m, we have
(ml ) 5 1, and the polar l-ic of Y at P has the equation
DlPY : APm2l1 X l1 1 BPm2l2 X l2 2 Pm2l0 X l0 5 0.
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So the equation of Zl is given by
Hl(X0 , X1 , X2) 5 AX m2l1lq1 1 BX m2l1lq2 2 X m2l1lq0 5 0.
Hence Y is l-Frobenius degenerate if and only if H divides Hl , and since
we have q9 , q, this was shown in the proof of [4, Theorem 1] to be
equivalent to condition in (a) above.
(b) Since Y is l-Frobenius non-degenerate, the result follows from [4,
(3) and Propositions 2 and 3].
Now from Theorem 3 (a) we have that all the curves Yi are l-Frobenius
non-degenerate if the following condition on m, b, and l holds:
C0 : b Ó Fq9 or aq9(q9 2 1) ? l(q 2 q9).
THEOREM 4. Let m $ 2 and n $ 2 be integers, both divisors of q 2 1,
and let b [ F*q . If f(x) 5 (xm 1 b)n, and C0 holds, then we have
uVf u $5
q
m F1 1 (n 2 1) Saq 1 lq9DG
q
m F1 1 (n 2 1) Sa 2 bq 1 lq9DG
, if nm u q 2 1,
where b 5 minhm, a 1 lq/q9j.
Proof. From Theorem 3 (b) we have that
Nhi # 5
m(m 1 l(q 2 1))
q9
m(m 1 l(q 2 1))
q9
2 mb, if nm u q 2 1.
The result now follows from (4).
The interesting thing about this theorem is that we have the freedom to
choose l, so we have more chances to make C0 true, and we can also select
from the bounds we get, for the various values of l, the best one.
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In the Frobenius non-degenerate cases, the first bound in Theorem 4 is
better than the first bound in Theorem 2 precisely when
m ,
q9(q 2 1)(2a 1 1)
2q 2 q9
,
and better than (6) essentially when
m .
l
q9
q1/2.
5. EXAMPLES
Before presenting our examples we recall the following trivial bound:
uVf u # min Hq 2 1m , q 2 1n J1 1.
EXAMPLE 1. Let p $ 3 be a prime number, and take q 5 p6. Let
m 5 (p 2 1) 1 p 1 (p 2 2)p2 and n 5 p 1 1.
Using the bound in (6) we get
uVf u $ q1/3.
It is clear that condition C is verified, and since mn u q 2 1, it follows
from Theorem 2 that
uVf u $ 2q1/3.
Now, taking l 5 (p 2 1) 1 p, we have that a 5 p 2 2, q9 5 p2, and
b 5 m. So for every b [ F*q , condition C0 is verified and therefore from
Theorem 4 we get that
uVf u $
Ïq
3
.
Now combining our bound with the trivial bound we get,
p3
3
# uVf u # p3 1 2(p2 1 p 1 1).
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EXAMPLE 2. Let p $ 3 be a prime number and let q 5 p8. Let
m 5 (p 2 1) 1 (p 2 1)p4, n 5 p 1 1 and b [ Fp8\Fp4 .
Using the bound in (6) we get
uVf u $ p.
Since condition C is verified we get from Theorem 2 the asymptotic bound
uVf u $ 2p2.
Taking l 5 p 2 1, we have that a 5 p 2 1, q9 5 p4, and b 5 m 5 a 1
lq/q9. Since b [ Fp8\Fp4 , condition C0 is verified and therefore from Theo-
rem 4 we get that
uVf u $
q
m S5 q 2 1m 1 1mD .
Now since in the present case the trivial bound is
uVf u #
q 2 1
m
1 1,
we get the equality
uVf u 5
q 2 1
m
1 1,
illustrating how sharp our bound can be.
Remark. In connection to the above example, more generally, if
nm u q 2 1, and if b Ó Fq9 and
aq9(q9 2 1) 5 l(q 2 q9),
then C0 holds and we have b 5 m 5 a 1 lq/q9. So in this case we have
uVf u 5
q 2 1
m
1 1.
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